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ABSTRACT
On a metric minimal flow (X, a) which is a torus (K) extension of its largest
almost periodic factor Z = X/ K, the following conditions are equivalent.
(i) (X, a) is a nil-transformation of the form (N/T, a) where K is central
in N and [N,N]C K.

(ii)) E(X), the enveloping group of (X,a) is a nilpotent group of class
2.

(iii) Any minimal subset Q of X x X is invariant under the diagonal
action of K and the quotient Q/K = Zj, is the largest almost
periodic factor of Q.

The enveloping groups of such flows are described and a corollary on co-
cycles of the circle into itself is deduced. Finally general minimal nil-
transformations of class two are shown to be of the form considered in
condition (i) above (possibly with a different nilpotent group) and conse-
quently we deduce that the class of minimal flows which are group factors
of nil-transformations of class 2 is closed under factors.

§1. Introduction

In [F,2] H. Furstenberg identifies ergodic nil-transformations T of class two as the
“characteristic family” for ergodic sums of the form % 2,1:’_:01 T*f T?"g T3"h.
In a forthcoming work, with B. Weiss, they show that in order to study these
ergodic sums for a general ergodic easure preserving transformation, it is enough
to consider factors of the form (X, B, u,T), where X = Z x, K, Z the largest
Kronecker factor of X, K a compact metric abelian group, ¢ a measurable cocycle

of Z into K and T(z,k) = (z + 7,(2)k), (7 is a generator for the compact
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monothetic group Z). Further analyzing these characteristic factors they show
that a certain functional equation, Lesigne’s equation, is satisfied. The final step
in their analysis is to deduce from this equation the existence of a nilpotent
topological group N of class 2 such that the characteristic factor (X,B,u,T) is
measure theoretically isomorphic to the nil-transformation (N/T',a) where I is a
closed subgroup and a € N.

In [L], E. Lesigne shows that these ergodic sums in fact converge for such
nil-transformations. On his way to prove this Lesigne shows, without explicitly
stating it, that for a nil-transformation (X, a) of class 2 and any pair of points
z1,22 € X, the orbit closure of (z1,z2) in X x X is isomorphic to a sub-flow
of the form X x K where K is a group rotation. This led Professor Fursten-
berg to conjecture that this last property actually topologically characterizes
nil-transformations of class 2. In this paper we prove a slightly restricted version
of this conjecture and show that a third equivalent condition is that E(X), the
enveloping group of the flow (X, a) is (as an abstract group) a nilpotent group
of class 2.

There are very few known explicit representations of enveloping semigroups
(see [F,1], [N]). As a by-product of our main theorem we obtain an explicit
representation for the enveloping groups of nil-transformations of class 2. (This
includes as a special case Namioka’s computation). We get as a special case of
the main theorem a dynamical characterization of those functions ¢, from the
circle into itself, which with respect to an irrational rotation, are co-homologous
to a character. Another consequence of the main theorem is that the class of
minimal nilflows of order two and their group factors is closed under passage to
factors.

I am indebted to Prof. H. Furstenberg for many discussions and suggestions
concerning these problems. I would like to thank M. Denker and the S.B.F. in
Géttingen for their hospitality where part of this work was done and S.C. Dani
for helpful information.

§2. Deflnitions and Statement of Results

Let X be a compact metric space, H(X) denotes the group of self-homeomorphi-
sms of X endowed with the topology of uniform convergence of homeomorphisms
and their inverses. With this topology H(X) is a polish topological group.

Let a be an element of H(X) such that the corresponding transformation acts
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minimally on X. We shall call the couple (X, a) a minimal flow. Let K C H(X)
be a compact commutative subgroup commuting with a. Thus each k¥ € K is
an automorphism of (X,a). Since such an automorphism has a fixed point if
and only if it is the identity automorphism, we see that K acts freely on X. We
further assume that the quotient map X — Z & X/K is the homomorphism
of (X,a) onto its largest almost periodic factor. Choosing a point zy € Z we
can consider Z as a compact monothetic topological group with identity element
29. Fixing a point zo € X with 7(z9) = 2o we find that w(az¢) =7 € Z is a
generator for Z.

Our assumptions on the minimal flow (X, a) clearly imply that it is distal and
we recall that the enveloping semigroup E = E(X, a) of a distal flow is in fact a
group. If (Z ,7) is the largest almost periodic factor of the flow (E, a) then the
factor map E — Z is a group homomorphism and we let E' = ker#. (See [E]
page 135 for the definition and properties of the group E').

For elements g,k of a group G we write [g,h] = ghg~1h~! and let [G,G] be
the subgroup generated by all elements of the form [g, h]. G is nilpotent of class
2 if [G, G] is contained in the center of G.

For z,z' € X, 5(z, ') denotes the orbit closure of (z,2') € X x X under a x a.

We are now ready to state our main result,

2.1 THEOREM: Suppose K is a torus (finite or infinite dimensional). The fol-
lowing conditions on (X, a) are equivalent:
1 There exists a closed nilpotent group of class 2, N C H(X) acting transi-
tively on X, witha € N, K C N, K central in N and [N,N] C K, and
a co-compact closed subgroup T’ of N such that the nil-flow (N/T,a) is
isomorphic to (X, a).
3 E (as an abstract group) is nilpotent of class 2.
SKk=~F.
4 For every z; € X the subgroup

Ak = {(k, k) : k € K}

of K x K acts on Q = &(z,z;) and the quotient map =5 Q/AK =27
is the largest almost periodic factor of (1.
When these conditions are satisfied I is isomorphic to a subgroup of the group
Hom(Z, K) of continuous homomorphisms of Z into K. If in addition K, the
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dual group of K, is finitely generated then T is a countable discrete subgroup of
N and N itself is locally compact and o-compact.

In the proof of Theorem 2.1 the assumption that K is a torus is used only
at one point (Claim 6.3); what we actually use is the following assumption: For
every commutative compact topological group G, closed subgroup H C G and a
continuous homomorphism ¢ : H — K there exists a continuous homomorphism
1 : G — K such that ¥ [ H = ¢. However this is equivalent to K being a torus.
In the general case we introduce condition

i* There exists a closed nilpotent group of class 2, N C cal H(X) acting tran-

sitively on X, with a € N,K C N,K central in N and [N,N] C K, a
closed co-compact subgroup I’ of N and a compact commutative subgroup
W C N satisfying wa = aw,Yw € W and W N K = {e}, such that the
flow (W\N/T,a) (i.e. the quotient of (N/T,a) under the group of auto-
morphisms W) is isomorphic to (X, a).

2.1* THEOREM: Conditions 1*,2,3 and 4 on the flow (X, a) are equivalent.

We don’t know of an example where condition I* occurs but (X,a) is not
isomorphic to a nil-flow. See however Example 6.4.

On the way of proving Theorem 2.1 we get the following result. For X = N/T
satisfying condition 1 of Theorem 2.1 let zo = T € X, let ¢o : N — K be
defined by ¢o(g) = [a, g] and let Hom(N, K) be the group of all (not necessarily
continuous) homomorphisms of N into K equipped with its (compact) pointwise

convergence topology. Clearly ¢ € Hom(N, K) and we let
® = closure {yg : n € Z}.

2.2 THEOREM: Let E = closure {(a®zo,¢f) € X x ® : n € Z}. Then the
formulas

(9T, )(hT, %) = (¢(h)hgT, 9¥),
(9T, )" = (p(9)g7'T, ™)
for (gT', ), (kT, %) € E, define a group structure on E. Multiplication on the
left by @ = (aT', o) is continuous and (E, &) is isomorphic as a flow and also as
a group to (E,a).
Specializing to flows on the 2-torus C x C = X where C = {e?™*: § € R}, let
a be an irrational number, 7 = ¢?™*, and let ¢: C — C be a continuous map.
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Define
a:CxC-CxC

by a(z,w) = (72,¢(2)w).

2.3 THEOREM: Suppose (X, a) is minimal and that the projection (X,a) —»
(C, 1) onto the first coordinate is the largest almost periodic factor. Then y is co-
homologous to one of the functions kopn: C —= C, pa(z) = 2" (n € Z\{0}, ko €
C) iff the flow (X, a) satisfles the conditions of Theorem 2.1.

The general minimal nil-flow (N/T, a) need not satisfy the condition [N, N] C
K (see Example 6.5). However we have

2.4 THEOREM: Let (X,a) be a minimal metric flow, N C H(X) a closed sub-
group, nilpotent of class 2 with a € N, which acts transitively on X. Then
1. closure [N, N] = H is a compact central subgroup of N.
2. There exists a compact central subgroup K C H such that (X/K,a) =
(Z,7) is the largest almost periodic factor of (X, a).
3. There exists a closed subgroup Ng C N with, a € Nog, K C Ny, [No,No] C
K and Ny acts transitively on X ; i.e. (X, a) satisfies condition 1 of Theorem
2.1

From this together with Theorem 2.1* we deduce

2.5 THEOREM: The class of minimal flows of the form (X,a) = (W\N/T,a)
where N is a nilpotent locally compact group of class 2, T a closed co-compact
subgroup and W a compact abelian subgroup commuting with a is closed under

factors.

In [P], W.A. Parry proves a much stronger theorem for nil-flows (N/T,a) of
all classes. However, he assumes that N is connected. When N is a connected
separable nilpotent locally compact group any compact subgroup W is central.
It therefore follows that for such groups W\N/T' = N/TW.

In Section 3 we prove two key lemmas. In Section 4, Theorem 2.2 is proved as
well as the implication 1 = 2. In Section 5 first the implications 2 = 3 =>4
are proved. The implication 4 => 1 turns out to be more delicate and we
introduce an intermediary condition 4 which augments 4 and allows us to use
Lemma 3.1 and prove 4 = 1.

In Section 6 we come back to assumption 4 and show that it implies the

existence of a group extension (X*,a*) of (X,a) which satisfies condition 4*
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and is therefore (by Section 4) a nil-flow. This completes the proof of Theorem
2.1*. However to complete the proof of 4 = 1, we need the further assumption
that K is a torus. Using this assumption we are able to show that also (X, a) is
a nil-flow. In Section 7 Theorem 2.3 is proved, and in the last section we prove
Theorems 2.4 and 2.5.

We use the notations T = R/Z and C = {) € C: |A| = 1} for the circle group

as convenient.

§3. Two Lemmas

3.1 LEMMA: Suppose (X, a) satisfies condition 4 of Theorem 2.1 and suppose
further that for every z; € X the following conditions are satisfied:
(i) The subgroup Ko = {k € K : (e x k)Q = Q} is monothetic
(ii) There exists a topological generator ky € Ko and a flow homomorphism
0:(R,a x a) — (Ko, ko) with 6(zg,z1) =e.
(iii) 8(kz,kz') = 6(z,z') and O(z,€z') = £0(z,z’) for all k € K, £ € Ko and
(z,2') € Q.
(iv) The map n : (R,a x a) = (X x Kq,a x ko), n(z,2') = (z,0(z,2z')) is an
isomorphism of Q onto the product flow X x Kj.
Then (X, a) satisfies condition 1 of Theorem 2.1.

We first prove the following

3.2 CLAIM: There exists a homeomorphism b € H(X) such that
bzg = z,,

ab = kyba,

bk =kbfor allk € K,

if (z,2') € Q then bz = 6(z,z') 'z,

oW

Proof: Since 7 is 1-1 there exists for each z € X a unique point bz € X
for which n(z,bz) = (z,e). It is easy to check that b is continuous. We have
(2o, 1) = (z0,0(z0,21)) = (%0, €) hence bzg = z,. Since for each z € X

n(az,abz) = (az,b(az, abz)) = (az, kob(z, bz))
= (az, ko) = (e X kg)(az,¢€) = (e x ko)n(az, baz)
= n(az, kobaz) ,
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we deduce that ab = koba. For all k € K and z € X, n(kz,bkz) = (kz,e) and
n(kz, kbz) = (kz,0(kz, kbz)) = (kz,0(z,bz)) = (kz,e) .

Hence bk = kb.
For the proof of 4. Choose a sequence n; € Z such that lima"™ x a™ (zg,2;) =
(z,2') € Q. Then by continuity of b and compactness of K

z' = lima™z; = lima™bzy = lim kg *ba™ zo = kbz
where k = limkg® in K. Also

(z,0(z,2")) = n(z,z') = n(lim(a™ zo,a™ z,)) = lim(a™ z¢,0(a™ z9,a™ 1;))

= lim(a™ zg, ky*0(z0,21)) = (z,k)

and 8(z,z') = k. Thus kbz = z' implies bz = 6(z,z')"'z’ as claimed. The
fact that b is onto follows since for every z' € X there exists an r € X with
(z,2') € Q. Also if bz = bz then clearly ¥ = kz for some k € K and therefore
bz = bz = bkx = kbz. Since the action of K is free we have k = e and 7 = z.
Thus b is a homeomorphism and the proof of Claim 3.2 is complete. ]

Notice that we actually proved a “local” theorem: For the existence of b €
H(X) with ab = koba and bk = kb Vk € K such that bzy = z;, all we need are
the assumptions on the orbit closure 2 = 5(z9,z;), we don’t use the “global”
assumption that these conditions hold for every z; € X.

We now let
N ={beH(X):3ko € K, ab=koba & Vk € K, bk = kb}

3.3 CLAIM: N is a closed subgroup of H(X) and [N, N] C K; in particular N is
nilpotent of class 2.

Proof: Clearly N is closed and K C N. If b; € N with ab; = kibia (i = 1,2)
then one easily checks that aby by = ki kob1b,a and abl'1 =k ]bl_la, so that N is

a group. If we let h = [by, by] then
ah = abybyby b7 = kikok; k' ha = ha .

Now every element of N defines an automorphism of the flow (Z, 7). In particular

h as a commutator defines the identity automorphism on Z; hence there exists
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k € K for which hzy = kzy. Since as we have seen ha = ah this implies h = k
and [N, N] C K. Since K is central, N is nilpotent of class 2. |

By Claim 3.2 the action of N on X is transitive: let ' = {y € N : yz¢ = 20},
then the natural map N/T' — X is one to one and continuous.

In order to complete the proof of Lemma 3.1 we now need to show that T is
co-compact in N, for then it will follow that this map is a homeomorphism. This
will be done in the next Lemma. ]

3.4 LEMMA: Suppose there exists a closed nilpotent group N C H(X) acting
transitively on X, witha € N,K C N, K central in N and [N,N] C K, then:
1. There is a homomorphism f : N — Z satisfying the equation

n(bz) = f(b)n(z) (z € X, beN).

2. The sﬁbgroup I' = {y € N : yzy = z¢} is isomorphic to a subgroup of
Hom.(Z, K).

3. T is co-compact.

4. If K, the dual group of K, is finitely generated then T’ is countable and

discrete in N and N itself is locally compact and o-compact.

Proof:

1. Each element b € N, since it commutes with K, defines a homeomorphism
b= F(b) € H(Z) and clearly the map F : N — H(Z) is a group homomor-
phism with K C ker F; in particular [N, N] C ker F. Wehaved = F(a) =171
and for eachbe N

b= &b = ab = F([a, b]ba) = ba = br .

Thus each b is an automorphism of the flow (Z,7) and is therefore a trans-
lation of Z by the element 5(zo) = 2. We write z, = f(b) and f: N — Z

is then a group homomorphism satisfying
n(bz) = f(b)yr(z) (z€X,beN).

2. Since for v € T, 9(29) = f(y) = 20 we have §(z) = z for every z € Z.
Thus for every z € X, n(yz) = n(z) and we conclude that there exists a

continuous map 4 : X — K with yz = 4(z)z. For k € K, z € X we have
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A(kz)kz = vkz = kyz = kj(x)z. Hence 4(kz) = 4(z) and 4 is defined on
X/K =2Z. Also

+(az) = §(az)az
= Ir,dlaye = [y, dla(a)e = k,i(z)as

where we put [y,a] = k, € K. Hence ¥(az) = k,¥(z) and for every n € Z
also 4(a"z) = k34(z). On Z we have

H(r(a"z)) = H(w(a"zo)x(z)) = Y(r"n(2)) = k3 A(n(2))
=4(r"}(rz) .
By continuity we get 4(22') = 4(2)j(z') for all 2,2’ € Z, and ¥ is a contin-

uous homomorphism. For 7,7, € " we have

121(2) = 7271(2)z = 12(M(2)2) = Y2 (2) i1 (2)2

so that 4291 = 42 -41. Similarly '7‘\1 =41 and 7 — ¥ is a homomorphism
of T into Hom.(Z, K). Finally it is clear that y = e iff y = e.

3. Since K is central I'K is a normal closed subgroup of N. The natural
map A : N/TK — Z is a continuous 1 — 1 group homomorphism of the
Polish group N/T'K onto the compact group Z. By a famous theorem of
Souslin A~1 is a Borel isomorphism and by a theorem of Banach the Borel
homomorphism A~! is continuous. Thus ) is a homeomorphism and it now
follows easily that also A* : N/T' — X, defined by A\*(¢T") = gz, (g € N),
is a homeomorphism as well. In particular I is co-compact. This completes
the proof of Lemma 3.1.

4. Since Hom,(Z, K) is isomorphic to Hom(K, Z). It follows that when K is
finitely generated Hom.(Z, K'), and therefore also I, is a countable group.
Since I is closed it must be discrete. The rest is now clear. ]

3.5 Remark: The construction in Lemma 3.4, can be reversed; suppose ¥ €
Hom.(Z, K) is given then we can define v € H(X) by v(z) = 4(wz)z. We then
have for each k € K

(1) v(kz) = 4(wkz))kz = §(rz)kz = kY(nz)z = kyz
and alsoforbe N, z € X

7o = 4(mba)bz = H(F(8))3(nz)be
SO (re)z = H(F(B)bya
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so that
(ii) (7,0l =4(f(b)) € K .

As a result of (i) and (ii) if we let T be the group of all ¥ € H(X) obtained in this
way then ' O T, ' & Hom,(Z, K) and the closed group N generated by I and
N is nilpotent of class 2, with [IV N ] € K, and it acts transitively on X. Thus
when convenient we can replace N by N and assume that T' = Hom.(Z, K).

§4. The Enveloping Group of a Nil-Flow of Class 2

In this section we prove Theorem 2.2 which then yields the implication 1 = 2 in
Theorem 2.1.
We assume our flow (X, a) satisfies condition 1 of Theorem 2.1.

4.1 PROPOSITION:

1. Given p € E define pf = limpg*, where {ni} is a net in Z such that
lima™ = p in E. Then the limit ¢} exists and is independent of the choice
of the net {ny}.

2. The map p — ¢} is a homomorphism of (E, a) onto (®, ).

3. Foreveryge N andp€ E

pgT = ¢(g)gpl’  where ¢ =¢p .

4. E acts on E by

p(RT, %) = (phT,p5v)  ((hT,9) € E, p € E)

and the map j : p = p(T,e) = (pT,¢}), j : (E,a) — (E,&) where & =
a X @y, is a flow isomorphism.
5. Ifp € E and j(p) = (pT', ¢}) = (AT, ¢) then foreveryy € T, AT = p(y)vhT.

Proof:
1. Giveng e N
a™ gl = [a™, glga™T = po(g)™ ga™T.

By compactness, the existence of the limits lim a®*¢gI" = pgT" and lim ga™*T
= gpl implies the existence of lim py(g)™* = ¢(g), and this limit depends
only on p. We also have now pgI' = ¢(g)gpl as claimed in 3.
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2. This is clear. For 4 we have
j(ap) = ap(T, e) = (apl', p3") = (apT, pop})
= (a x o)(pT, ¢}) = @j(p) ,

so that j is a homomorphism. If j(p) = j(g) then pI' = ¢I" and ¢} = ¢{.
Hence for every ¢ € N by 3,

paT = p3(9)gpT = ¢3(9)gqT = qgT" ;
this means p = q and j is an isomorphism.
5. This is a special case of 3. When g =4 €T, kT = pI' = p4T" = ¢(y)ypl =
p(yyhT. 0

Proof of Theorem 2.2: It is now clear that E is also the enveloping group of the
flow (E, &) and if for p,q € E, j(p) = (pT',¢f) = (4T, ¢) and j(g) = (¢T', ) =
(hT', %) then

3(pq) = pi(q) = p(hT, ¥) = (phT', p¢) = (p(h)hgT, ) .

This yields the formula for the product in E.

Given (hT',9) € E there exists p € E for which p(hT,%) = (T,e). If j(p) =
(4T, ¢) then (gT,)(hT, ) = (p(h)hgT,¢y) = (T,e) hence p = ™! and T =
w(h)hgl. This implies gT' = ¢(h)"'h~II' = y(h)h~'T" and we get (AT, )" ! =
(¥(R)R™IT, ¥~ 1) as required. |

1 = 5: We now have an explicit description of the enveloping group E of (X, a)
and it is an easy matter to check that it is nilpotent of class 2. First we observe

that K is embedded in E as a compact central subgroup:
{(kT,e): k€ K} .
Next observe that for (¢T, ), (hT,%) € E

[(4T, @), (AT, )] = (9T, @)(AT, %)(p(g)g ' T, o~ )(¥(R)R™'T, % ")
= (p(h)hgT, o) (e(9)¢(h)p ' (A" )R g 7T,y 71)
= (p(h)¥(g™")[h, g)T, €)

and [E,E]C K. |
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§5. Proofs of Implications 2= 3= 4 and # = 1

9 = 3: The map p : p — 7pzy from E onto Z is a group homomorphism and
since Z is commutative we have p(r) = wrzy = 1z = 2 for every r € [E, E].
Thus for such r there exists a k¥ € K with rzg = kzo. Let p € E; then since
[E, E] is central rpzy = przo = pkxg = kpzo. Since Exzq = X we conclude that
as elements of XX, r = k. Thus [E, E] and therefore also L = closure [E, E), are
subgroups of K N E. L is a compact group of automorphisms of the flow (E, a),
and E/L is a factor flow of E. Since E/L is clearly its own enveloping group
and since it is commutative we deduce that E/L is almost periodic ([4]). It now
follows that E' C L C K. If now k € K then mzy = nkzo and therefore there
exists ¢ € E' with kzo = qzo. Since E' C K this yields k = ¢ and also K C E'.
|

3 = 4: Since E' = K and since the action of K as a subgroupof Eon Q € X x X
is the diagonal action, we conclude that the quotient map N0 Ak =2 is
the largest almost periodic factor of . ]

Assume now that condition 4 of Theorem 1 holds. Fix z; € X and let Q =
5(330,.’1}1). Put

L={(k,k')e K xK:(kxk)Q =0},
Ko={k€K:(exk)=0}.

By assumption  is Ak invariant and the quotient map @ =% Q/Ax = Z; is
the largest almost periodic factor of Q. It is now clear (identifying k with e x k
(k € Kp)), that Ko acts freely on Z; and that Z, /Ko & Z & Q/L. Since Z, is
almost periodic and Kj is a group of automorphisms, it follows that Ky can be
identified with a subgroup of Z,, and we have the following short exact sequence

of compact abelian metrizable groups
1-Ky—= 2y —2Z2—-1.

Assume for the moment that this exact sequence splits; 1.e. assume Z; = Ko @ Z.
Thus our assumptions now are those of 4 together with the assumption that for
every z; € X, Z; = Ko @ Z. We will refer to this as condition 4 and will now
prove:

4 = 1 Since K, is now a factor of Z; it follows that Kj is monothetic and we

will let ko be the image in Kj of 71 the generator of Z;. This gives condition (i)
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of Lemma 3.1. For condition (i) we put § = 7, 0w where @ =5 Q/Ax = Z, is
the quotient map and Z, Ll K is the projection of Z; onto Ky. The conditions
(iii) are clearly satisfied. Finally we check condition (iv). If n(z,z') = n(z,z ') for
(z,2'),(Z,3') € Qthenz = Z and 6(z,z') = 6(z,Z'). We have ' = kz' for some
k € K, and it follows that 8(z,z') = 0(z, kz') = k6(z,z'), and necessarily k = e.
This proves that 7 is 1-1. Given z € X we choose ' € X such that (z,z') € Q
and then also (z,kz') € Q for each k € Ko. Thus 5(z,kz') = (z,0(z,kz')) =
(z,k6(z,z')) and we conclude that {z} x Ko C n(€). This proves that 5 is also
onto and thus all the conditions of Lemma 3.1 are satisfied. By this lemma (X, a)
satisfies 1 and our proof of 4 = 1 is complete. ]

§6. Implication 4 = 1

We now go back to assumption 4 and consider the monothetic compact metrizable
group Z = X/K. By identifying its dual group Z with the set of eigenvalues of
the flow (Z, 1), we realize Z as a countable subgroup of the circle {A € C: [A| =
1} =C. Put

Z*={A€C:3n€Z suchthat \"€Z}.

Then Z* is a divisible subgroup of C. We consider Z* as a discrete group and
let Z* be its compact monothetic metrizable dual group, with identity element
23 and canonical generator (the identity map of Z* into C) r*. The inclusion
Z — Z* induces a homomorphism (of groups and flows) (Z*,7*) LN (Z,7).
Denote W = ker(, then as a flow (Z*,7*) is a W-extension of (Z,7). Since Z
is the largest almost periodic factor of X, in the following diagram of minimal

flows

(X,a) (2*,7%)

LA ¢
(2,7)

X and Z* are relatively disjoint, i.e. the subset X* = {(z,2) € X x Z* : n(z) =
((2)} of X x Z* is minimal under a x 7*. We denote a* = axr* and z§ = (z0, 23),
and let X* =5 Z* be the projection of X* on the second coordinate. Then clearly
Z* is the largest almost periodic factor of X*,
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6.1 CLaM: Condition & is satisfied by (X*,a*).

Proof: We identify K with the group {k x e : k¥ € K} which acts freely on X*
by (k x e)(z,2z) = (kz,2) ((z,2z) € X*). Let (z1,21) be a point in X* and let
Q* =6((z0,23), (21,21)) in X* x X*. When (Y, T) is a minimal flow we denote
by Q(Y,T) = Q(Y) its regionally proximal relation. A well known theorem states
that
QY)=Rec={(y,¥') €Y xY : &(y) = x(y')}

where Y —5 Y; is the largest almost periodic factor. Also if Y 2, Yisa
homomorphism then A x M(Q(Y)) = Q(¥2), (see e.g. [E]).

Now let ((z*,z*),(2*2*)) = (((z, 2),(2'2")),((%,2),(z',2"))) € Q(Q*); then
((z,2"),(%,%")) € Q() and by condition 4 on X we have (5,z') = (kz, kz')
for some k € K. Also ((2,2'),(2,2')) € Q(n* x n*(Q*)), and since Z* is
almost periodic we have Z = z and 7 = z'. Thus ((=*,2*),(z*,2%)) =
(2,22, (&', ), ((kz, 2), (ka, ) = (2,2, (ka*, k=) and Q) C Ugex
graph (k x k). Conversely let k € K and let ((z,z), (2',2')) € Q*, then by 4
which we assume holds for (X, a), ((z,z'), (kz, kz')) € Q(R). It now follows from
the definition of the regionally proximal relation that

(((2:2), (=", 2)), ((k, 2), (k', 2'))) € Q(Q*).

Thus
Q@)= |J eraph (k x k)

keK

and if we let Q* —% Z? be the homomorphism of Q* on its largest almost periodic
factor then

Q) =Ry = {(w,w") € Q* x Q* : 7 (w) = 77 (w')}, Zr = Q' Ak

and 4 is satisfied by (X*,a*). Since the action of K on X* is via the X coordinate
it is clear that also Ko = {k € K : (e x k)Q* = Q*} and that Ky can be identified
with a subgroup of Z} so that Z}/Kq = Z*. Describing this quotient as a short

exact sequence and passing to the duals we have
1—Ky—- 2 —2Z2*—1

and

IF—IA{O«——ZA{W——Z"'(——I.
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However Z* being a divisible subgroup of the circle C it is also a divisible
subgroup of Z;* and this sequence splits so that Z;* = Z* @ K, and therefore
also Z} = Z* @ K, proving condition 4* for (X*,a*). (See e.g. [H-R].) |

Since we already have & = 1 we conclude that (X*,a*) is a nil-flow of the
form N*/T* where N* is a nilpotent subgroup of H(X*) acting transitively on
X*, K CN* a* € N*, [N*,N*] C K and T'* is the closed co-compact subgroup
which fixes z§ = (2o, 2§ )-

We have the commutative diagram

(X*,a*)
r./ \""
(X,a) (Z*,7*)
LA /¢
(Z,7)

where p is the projection of X* onto its first coordinate. We recall that ¢ is
a group homomorphism with W = ker(. W acts on (X*,a*) as a group of
automorphisms where for w € W, (z,2) € X*,

w(z,2) = (z,wz) .

Let N be the subgroup of H(X*) generated by W and N*.

6.2 CLAIM: N is nilpotent of class 2, K is central in N, [N,N] Cc K, and
denoting I' = T'* we have X* = N/T.

Proof: Let b€ N* and w € W, then for h = [w, b] we have

a*h =a*wbw 14! = wa*bw b = wkba*w'b7!

= kwbw 'k~ 167 a* = ha*

where k = [a*,b] € K. Thus h is an automorphism of (X*,a*). Since clearly
the action of K and W commute, h induces also an automorphism of (Z*,7*)
and being a commutator this latter automorphism is the identity. In particular
hz§ = kzj for some k € K and being both automorphisms of X*, this implies
h = k. Thus [w,b] € K and it follows that [N, N] C K and that N is nilpotent
of class 2. Clearly now X* = N/f‘ |
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Since (X, a) is isomorphic to the flow (W\N / I, a*) this completes the proof
of Theorem 2.1*. Let C(W) = {b € N : bw = wb, Yw € W} be the centralizer of
W in N. Clearly W, K and a are in C(W).

6.3 CLamM: C(W) acts transitively on X*.

Proof: For b€ N the map ¢ : g+ [b,g] of N into K is a group homomorphism.
Let x = vy | W, then x € Hom (W, K) and since K is a torus there exists
4 € Hom.(Z*,K) with 4 | W = x. As was remarked in Section 3 we can assume
that the element y € H(X*), defined by vz* = ¥(7*(z*))z* (z* € X*), is in T.
Let by = by~? then for w € W and z* € X*,

w b wz* = w by, wjwbiz* = (b, w]biz".

However, [b1,w] = [0y}, w] = [b,w][y ™}, w] = ws(z)¥ ~}(w).

Now

qwz* = y(n*(wz*))we* = Y(x*w)y(z*z* )wz*
= Y(wwi(r*z*)z* = J(w)wye®.

Hence (w) = [y, w] = ps(w) so that [by,w] = ps(w)y ~}(w) = e and b, € C(W).

Since K C C(W) it is now clear that C(W) acts transitively on X*. |

It follows that (X*,a*) is isomorphic to the nil-flow (C(W)/ Fncow),a*).
Let N=C(W)/W, T = (TN C(W))W /W then clearly (X, a) is isomorphic to
the nil-flow (N /T,a*) and the implication 4 = 1 is proved. ]

This also completes the proof of Theorem 2.1. 1

Notice that Claim 6.3 is the only place in our proof of Theorem 2.1 where we
used the assumption that K is a torus. The following example will demonstrate
the need for passing from the representation X* = N / I to the representation
X* = C(W)/Tn C(W) in the proof of the implication 4 = 1.

6.4 Example: Let N = {(n,z,y) :n € Z, 2,y € T} with multiplication
(ny2,9) (0, 2',y') = (n+n', 2+ 72, y+y +n2).

N is a nilpotent group with [N,N] C K where K = {(0,0,y) : y € T} is its
center. Let a = (2, a,0) where a € T is irrational, and let I' = {(»,0,0) : n € Z}.
The nil-flow (N /T, a) is isomorphic to the minimal flow (T2, T) where

T(z,y) =(2+a, y+22)  ((zy) €T?).
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Let now W = {(0,0,0), (0,2,0)} C N. Then W is a compact commutative
subgroup of N with W N K = {e}, and for w = (0, ,0) we have aw = wa.
Thus W defines a group of automorphisms of (N/T,a). However the group
W is not normalized by I, WT is not a subgroup of N, and the quotient flow
(W\N/T,a) = (X, a) is not isomorphic to the nil-flow (N/H,a) where H is the
group generated by W and I. However, if we consider the subgroup C(W) =
{(2n,z,y):n€Z, 2,y € T} of N and C(W)NT = {(2n,0,0) : n € Z} of T then
(C(W)/C(W)nT,a) 2 (N/T,a) and (X, a) = (W\N/T, a) is isomorphic to the
nil-flow (C(W)/W [(C(W)NT)W /W, a) and by way of the map ¢ : (2n, z,y) —
(n,2z,y) from C(W) onto N we have:

(2n,z,y) = (2n+2, z4+a, y+2)

| I

(n,22,y) SR (n+1, 224 2a, y+22)

where b = (1,2a,0). Thus (X, a) is also isomorphic to the nil-flow (N/T',b) and
to the flow (T2, 5) where S(z,y) = (z +2a, y+2), ((z,y) € T?). |

6.5 Example: Again let N and I be as in the previous example. Now, however,
we take a = (0, a, ) where 1, a and §§ are independent over Q. Our flow (X, a) =
(N/T,a) is now isomorphic to the flow (T?,T) where T(z,y) = (z + @, y +
B), ((z, y) € T?), and is therefore almost periodic, so that K = {e}. However
[N,N]={(0,0,y): y € T} £ K.

§7. A Proof of Theorem 2.3

Suppose first that ¢(z) = nz + § for n > 0 and 8 € T. Then the flow (X, a) can
be represented as a nil-flow in the following way. Take

1
N= 0 :q€Zy,zeTy,
0
1 ¢ 0 1 n B
I'= 01 0]:9q€Z), a={0 1 a].
0 01 0 0 1

(=R S ]
— N <
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Then (X, a) is isomorphic to the nil-flow (N/T', a).

Conversely let X = T x C with a(z,y) = (z+a, y-¢(2)) (z € T, y € C),
where a € T is irrational. We assume (X, a) is minimal and that the projection
(X,a) == (T, ) is the largest almost periodic factor of (X,a). Each k € C = K
defines an automorphism k(z,y) = (z,yk) of (X, a) and we consider C = K as a
subgroup of H(X). Now assume there exists a nilpotent group N C H(X) acting
transitively on X with a € N, K C N, K central in N and [N, N] C K. We let
I'={y € N:v(0,1) = (0,1)}. Then (N/T,a) is isomorphic to (X, a).

Since each b € N induces a rotation § on T we can describe b as a pair (8, us)
where uj : T — C is continuous and b(z,y) = (z + 8, us(2)y). (Incidentally, we

have

ba(z,y) = Wz + a, yp(2)) = (z + a + B, yp(z)us(z + a))

and
ab(z,y) = (z + a + B, yup(2)p(z + B)) .

Hence by assumption there exists Ay € C such that

ez +B) _, uz+a)
#(2) e

(Lesigne's equation) .)
Also for b = (Bi,un,) €N (i=1,2)

bobi(z,y) = b2 (z + B1, yus, (2)) = (2 + B + B2, yus, (2)us, (2 + B1))
= (2 + b1 + B2, yup,s,(2)).

Hence up,p,(2) = up,(z + B1)us, (2).

Let D be the subgroup of N consisting of those d = (§,u4) for which the
rotation number of uq is zero. Clearly D is a closed normal subgroup of N
containing K. If di(6,uq,) and d; = (§,uq,) (same &) then d;'d; = (O,u;:dl)
and for some k € K d;'d1k(0,1) = (0,1) i.e. dy'd;k € T. However for v € T we
have v = (0,u,) = (0,4) where 4 : T — K is a character of T i.e. 4(2) = ?™*"*
for some n € Z. Since d 14,k is in D it follows that n = 0 and that dy ldik=e
or dg = dl k.

Thus the map f : D — T given by f((6,u+d)) = f(d) = 6 is a homomorphism
with ker f = K. The map d — d(0,0) = (6, u4(0)) of D into T x K is therefore
1-1 and onto (in particular D is compact) and D is isomorphic to T x K. We
can find therefore a subgroup Dy C D such that f : Dy — T is an isomorphism.
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We denote the unique d € Dy with f(d) = z by d; = (2,u;). Define a map
J:Tx K — Tx K by J(z2,y) = (2,yu;(0)). Then J is a homeomorphism of
T x K onto itself and J~1(z,y) = (z,yu;(0)"!). Now for some n # 0 dega =n
(otherwise a € D which is compact and our flow would be almost periodic) and
for v = (0, ) we have deg(ay™!) = 0 i.e. ay~! € D. Thus for some ky € K,
a7 ko € Dy and since f(ay k) = a we must have ay "1k = (@, uqs). On one
hand
koay ™ (z,y) = (z + a, ye 2" p(2)ko)

and on the other
koay™!(2,y) = (&, 4a)(2,y) = (2 + &, yua(2)).
Therefore ua(z) = kop(2)e~27"*. Now
J7al(z,y) = (2 + @, yu:(0)p(2)us+4(0)7")
= (e yualz) ()
= (z+a, yky'p(2) " p(2)e* ™)
= (2 +a, ykylemne) |

so that denoting u.(0) = (z) we have

‘P(Z) = ko—le21rinz,¢(z +a)¢(z)—l ]

§8. The General Nil-Flow of Class 2

So far we considered nil-flows of the form (X,a) = (N/T',a) where N C H(X)
is a nilpotent group of class two, for which [V, N] C K, K a compact group of
automorphisms of (X, a) central in N, such that (Z,7) = (X/K, a) is the largest
almost periodic factor of (X, a). Example 6.5 is an example of a nil-flow of class
2 for which the condition [N,N] C K is not satisfied. In this section we will
show how the general case can be represented as a nil-flow of class two for a,
possibly different, nilpotent group for which the condition [N, N] C K does hold
(Theorem 2.4). We will then deduce Theorem 2.5. In this section, therefore, our
assumptions on the minimal metric flow (X, a) are as follows. There exists a
closed subgroup N C H(X) acting transitively on X with a € N, and [N, N] is
central in N. We choose zg € X and let

I'={yeN:yzo =2}, H=closure[N,N].
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8.1 PROPOSITION:
1. H is compact.
2. There exists a compact subgroup K C H such that (X/K,a) = (Z,7) is
the largest almost periodic factor of (X, a).

Proof:
1. Let M = closure HT, then u is a closed subgroup of N centralizing I, and
the quotient group M = M/T is compact. The group M acts on (X,a)
(on the right) as a group of automorphisms, and the flow (X/ M, a), clearly
isomorphic to (N/M, a), is almost periodic. We have therefore the following

commutative diagram

(N/T,a)
.
u[ (2,7)
v
(N/M,a)

where (Z,7) is the largest almost periodic factor of (X, a) and 4 is an M-
extension. Now if h € H then both h and h its image in M = M/T are
automorphisms of the minimal flow (X, a) and since hzo = hzo we conclude
that as elements of H(X), h = h. Since the image of H in M is dense we
conclude that H is compact and as a subgroup of H(X) coincides with M.
2. In the commutative diagram above = defines a compact subgroup K of

M = H such that Z = X/K. |

Proof of Theorem 2.4: Statements 1 and 2 are proved in Proposition 8.1. To
prove 3 consider the action of Ny = N/K on Z = X/K. This action need not
be effective. Let I'y = {y € T : 4 acts as the identity on Z}. Then T, is a
normal subgroup of N and hence I'; K is a closed normal subgroup of Nj. Let
N; = N/T'1 K; then N, acts transitively and effectively on Z. Now by assumption
7, the image of a in N3, acts on Z in an almost periodic way i.e. equicontinuously.
Hence the subgroup T = closure {7 : n € Z} is a compact subgroup of N; acting
transitively on Z. Let C(r) be the centralizes of 7 in Ny and let

No = {gGN:gI‘lKEC(T)} .
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Then T C C(7), and a and H are in Ny. Clearly Ny acts transitively on X and
if g1,92 € Np then [g1,92] € 1K N[N,N] = K. Thus [Ny, Ng] C K and for
Ty = I'N Ny we have (No/Tg,a) = (X, a) as required. |

Proof of Theorem 2.5: By Theorem 2.4 we need consider only the case where
(X, a) satisfies the equivalent conditions of Theorem 2.1*. Now condition 2 (or

3) of this Theorem is clearly hereditary. |

We conclude with some problems which are left open

1. Does Theorem 2.1 hold even without the additional assumption on K?

2. In Theorem 2.1 condition 4, if we require only that © is isomorphic to a
minimal subset of X x Z; where Z, is the largest almost periodic factor of
(without specifying the nature of = Z;), do we still have an equivalent
condition?

3. Which parts of this theory can be generalized to nil-flows of class 3, or n?

References

[A]  J. Auslander, Minimal Flows and their Extensions, North-Holland, Amsterdam,
1988.

[E]  R. Ellis, Lectures on Topological Dynamics, W.A. Benjamin, Inc., New York,
1969.

[F,1] H. Furstenberg, The structure of distal flows, Amer. J. Math. 85 (1963), 477-515.

[F,2] H. Furstenberg, Nonconventional ergodic averages, Proc. Symp. Pure Math. 50
(1990), 43-56.

[H-R] E. Hewitt and K.A. Ross, Abstract Harmonic Analysis I, Springer-Verlag, Berlin,
1963.

[L} E. Lesigne, Théorémes ergodiques pour une translation sur un nilvariété, Ergodic
Theory & Dynamical Systems 9 (1980), 115-126.

[N] I Namioka, Ellis groups and compact right topological groups, Contemporary
Math. 26 (1984), 295-300.

[P]  W.Parry, Dynamical representations with nilmanifolds, Comp. Math. 26 (1973),
159-174.



